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Abstract: A general theorem is proved concerning the convergence of decomposi-
tions of exponential operators in a Banach space (or normed space). As a corollary,
the convergence of fractal decompositions is proved. The convergence of general-
ized Trotter-like formulas is also shown to result from the general theorem.

1. Introduction

In the present paper, we investigate the convergence of some systematic series of
decompositions of exponential operators [1~5] such as Q*p[x(A1 + A2 + ' • +
Aq)~\ for non-commutable operators {Aj} in a Banach space. In this note we mean
an operator by a bounded linear operator on a Banach space.

As is well known [1 ~ 11], the first-order decomposition Q(x) is given by

Q(x) = exA*exA* . . . e^'-'e304', (1.1)

i.e.,

e*u1 +Λ2 + +Λ)=ρ(x)+o(x2), (1.2)

and the second-order symmetric decomposition is given by

n / \ ^Ml ^Mβ-1 Y/4 ^Mβ-1 ^Ml (T 3^S(x) = Q2 . . . e2 q e «e2 9 . . . e2 ' v '
i.e.,

ê ι + + ̂ ) = S(x) + O(x3) . (1.4)

The above symmetry is characterized by the relation

S(x)S(-x) = l orS(-x) = S'l(x). (1.5)

In general, the mth order exponential decomposition Qm(x) is given in the form
[1-5]

Qm(x) = eX T i l A leX T l 2^2 . . . QXτl9A9QXτ2lAlQXτ22A 2 ^ ^ ^ Q^2qA.q t t m } Π β)


