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Abstract: One problem in quantum ergodicity is to estimate the rate of decay of the
sums

S^λ;A) = Σ \(Aφj,φj)-σA\
k

on a compact Riemannian manifold (M, g) with ergodic geodesic flow. Here,
{λj, ψj] are the spectral data of the A of (M, g), A is a 0-th order \|/DO, σA is the
(Liouville) average of its principal symbol and N(λ) = # {j: ^fλj ^ λ). That
Sk(λ;A) = o(l) is proved in [S, Z.I, CV.l]. Our purpose here is to show that
Sk(λ; A) = O((log λ)~k/2) on a manifold of (possibly variable) negative curvature.
The main new ingredient is the central limit theorem for geodesic flows on such
spaces ([R, Si]).

Quantum ergodicity is the study of the spectral properties of Schrόdinger operators
with ergodic classical flows. In this paper, we will be concerned with a special case:
that of a Laplacian on a compact n-dimensional Riemannian manifold M of
negative curvature. As is well known, the geodesic flow Gι on S*M is then ergodic.
A is also quantum ergodic in the following sense: for any choice of orthonormal
basis {φj) of eigenfunctions

Aφj = λjφj, 0 = XQ < λι ^ λ2- . t °°

and any A e Ψ°(M), one has

lim — - X \(Aq>j, φj) - σA\ = 0 . (0.1)

Here, N(λ) - # {j: y/I5 ^ λ}9 Ψm{M) is the space of ψDO's (pseudodiίferential

operators) of order m, σA is the principal symbol and σA := ————- $$*M σλdμ is
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