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A Note on the Ising Model in High Dimensions
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Abstract. We consider the d-dimensional Ising model with a nearest neighbor
ferromagnetic interaction J(d) = l/4d. We show that as d -» oo the -f phase
(and the - phase) approaches a product measure with density given by
the mean field approximation. In particular the spontaneous magnetization
converges to its mean field value. A similar result holds for the unique Gibbs
measure of the system subject to an external field h φ 0.

I. Introduction

There exists a variety of rigorously established relations between statistical
mechanical models and their mean field approximations. For several models the
following types of results have been proven:

I) The mean field critical temperature is an upper bound for the critical
temperature of the model (see [F] and [G] for the Ising model and [Si] for the
classical Heisenberg model).

II) Convergence of the free energy to its mean field value when the dimension-
ality goes to infinity and the interaction is properly normalized (see [T3] for
the Ising model and [PT] for generalizations; this result was first obtained
nonrigorously in [Br]).

III) The mean field value of the magnetization is an upper bound for the
magnetization of the model. In particular this implies the result in (I) above (see
[Tl] for the Ising model and for instance [Pe, N, SI, TH, V] for generalizations).

IV) Convergence of the critical temperature to its mean field value when the
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