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Abstract. Two sufficient conditions for the non-existence of an additional
analytic integral are given for Hamiltonian systems with non-homogeneous
polynomial potential of an arbitrary degree. An application is made to the
truncated three-particle Toda lattice, which is proved to be non-integrable at
any order.

1. Introduction and the Main Result

The so-called three-particle periodic Toda lattice [10] is defined by the Hamiltonian

H = (l/2)(px

2 + p2) + e^x + y + e~^x+y + e~2\ (1.1)

and integrable because of the existence of a second analytic integral [4,6]

Φ=(lβ)Px(px

2 ~ W) + (Px - ^Pyy*x+y + (P, + j3py)e-^+r - Ip^1*.
(1.2)

We now truncate the Taylor series of exponential functions in (1.1) at a finite order
[3], i.e., consider the potential

Vs=Σ {φχ + y)k + (-^χ + yf + (-2y)k}/k\. (1.3)

V2 is the harmonic oscillator and V3 is identified with the so-called Henon-Heiles
potential [5],

F 3 = (l/2)(x2 + y2) + x2y - (l/3)y3, (1.4)

after a proper change of scale. In the process of proving the integrability of the
Toda lattice [4,6], the exponential function plays a crucial role. Therefore, by
truncating the exponential function to a finite order polynomial, we can no more
expect the existence of an additional integral like (1.2). Indeed the main result of
this paper is to prove
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