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Abstract. A conjecture about the nodal line of a second eigenfunction states that
the nodal line of a second eigenfunction divides the domain (2 by intersecting
with the boundary of £ transversely, where £ is a bounded convex domain of R2.
We prove this conjecture provided (2 has a symmetry. Also, we prove the
multiplicity of the second eigenvalue is two at most provided £ is a bounded
convex domain of R?.

1. Introduction
An eigenfunction ¢ is meant to be a solution of Dirichlet’s problem:

Ap+ip=0 in Q i1
=0 in 002, (L.1)

where A = )’ (9?/0x7)is the Laplacian, 21is a bounded smooth domain in R”, and 4
n=1

is a constant (i.e. the corresponding eigenvalue). It is well known that the first
eigenfunction is positive in £2, and all higher eigenfunctions must change sign. The
nodal set of an eigenfunction ¢ is defined to be the closure of {xeQ|¢(x) = 0}. The
Courant nodal domain theorem [2] tells us that the nodal set of a kth eigenfunction
divides the domain £ into at most k subregions. We do not know the topology of the
nodal set in general, even for the simplest case n = 2. A conjecture about the nodal
line (i.e. n=2) of a second eigenfunction states that:

(*) the nodal line of a second eigenfunction divides the domain Q by intersecting its

boundary at exactly two points if € is convex. (See [5,6]).

Throughout the paper, 2is always assumed a bounded smooth convex domain in
R2. L. Payne [5] proved the conjecture provided the domain £ is symmetric with
respect to one line. In this paper, we will prove (+) holds true if €2 is symmetric under
a rotation with angle 27p/q, where p, q are positive integers. As a corollary of (x), we
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