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Abstract. We give an exposition of the details of the proof that all highest
weight representations of the Virasoro algebra for ¢ <1 which are not in the
discrete series are non-unitary.

The Virasoro algebra is the infinite dimensional Lie algebra with generators L,,
neZ, satisfying the commutation relations

[Lm’ Ln] = (m - n)Lm+n +1—12c(m3 - m)6m+n, 0- (1)

The number c is called the central charge. The Verma module V(c,h) is the
representation of the Virasoro algebra generated by a vector |h) satisfying

Lolh>=hihy, L,h)=0, n>0, @
and spanned by the linearly independent vectors |k) and
L_yL_y,..LyJhy, 1=k, Zk,<...Zk,. 3)

We assume that both ¢ and h are real. In this case, a hermitian inner product on
V(c, h) is defined by <h|h) =1, and L! =L _,. Define, for p and q positive integers,

((m+1)p—mq)*—1

cm)=1- 4m(m+1)

h,, (m)=

m(m+1)’ @

The non-unitary theorem [1] is

Theorem 1. For c <1 there are negative metric states in V(c, h) if (c,h) does not
belong to the discrete list

c=cim), m=23,4..., h=h,,(m), p+q=m. ®)

This work was supported in part by DOE grant DE-FG02-84ER-45144, NSF grant
PHY-8451285 and the Sloan Foundation



