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Analyticity of Solutions
of the O(N) Nonlinear σ-Model

H. J. Borchers and W. D. Garber

Institut fur Theoretische Physik, Universitat Gottingen, D-3400 Gottingen, Federal Republic of
Germany

Abstract. We consider continuous weak solutions of the Euler-Lagrange
equations associated with the Euclidean ^-dimensional 0(N) nonlinear
σ-model. We show for arbitrary N and arbitrary d that such solutions with
locally square integrable gradient are real analytic.

1. Introduction

We consider solutions of the J-dimensional (d^2) Euclidean 0(N) non-linear
σ-model, i.e. stationary points of the Lagrangian

L(n)= Σ Σ0Λ)2 = W (1-1)
< x = l 1=1

d
where δ = - — , and neJR? satisfies the constraint

n2 = \n\2 = (n,n):= £ nf = l. (1.2)
ι= i

Stationary points n of L such that L(n) is locally L1 are (weak) solutions of the
Euler-Lagrange equations associated with (1.1)

Jni + Lίφ^O / = 1 . . . N . (1.3)

(A detailed proof of this fact along the lines of the usual variational argument has
been given in [1] where also the class of variations was specified.)

Since the left hand side of (1.3) is an elliptic operator, one may expect weak
solutions to show some regularity, i.e. to be Ck (k times continuously differentiable)
for some fc. There is an extensive literature on elliptic regularity, and we quote only
some results relevant for (1.3):

In 1929, Lewy [2] gave a lucid proof of Bernstein's theorem that in two
dimensions (d = 2), every C3 -solution of a nonlinear elliptic equation with analytic
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