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INSTANTONS, DOUBLE WELLS AND LARGE DEVIATIONS

BARRY SIMON!

ABSTRACT. We find the leading asymptotics of the exponentially small
splitting of the two lowest eigenvalues of — 1A + A2V in the limit as
X — oo where V' is a nonnegative potential with two zeros.

In this note, we consider eigenvalues of a Schrodinger operator ~%A +2\2V
in the limit A\ — oo (which is quasiclassical since up to a factor of A2, —A2A +
V has this form with # = \~! going to zero). The method can deal with
eigenvalues other than the lowest, with multiple minima (even manifolds of
minima) or degenerate minima. In this note, for simplicity we discuss only
the two lowest eigenvalues, Eo(\) and E;()\), with corresponding normalized
eigenvectors {Ig(X\), 21(X\). More general situations and detailed proofs will
appear elsewhere [13]. We will suppose the following about V. (i) V is C*,
(i) V(z) 2 0 for all z and lim, _,,, V(z) > 0, (iii) V' vanishes at exactly two
points a and b and at these points 9%V /dz;dz; is strictly positive definite.

Under these circumstances, one can prove (see e.g. [12]) that 1 is con-
centrated as X\ — oo near the points a,b and that E;(\)/X has a finite nonzero
limit. We want also to suppose that for all € small and for y = aand for y =b

1) lim [o(h, 2)[2de > 0.

A—roo Y [z—y|<e

One case where (1) holds is when there is a symmetry of order 2 (such as
reflection) which leaves V and —A invariant, so that the limit is 1 for y =a
or b.

Under these circumstances, one expects that the splitting of E1 and E,
will be governed by tunneling and one goal here is to obtain multidimensional
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