
BULLETIN OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 81, Number 1, January 1975 

HARMONIC FORMS AND RIESZ TRANSFORMS 

FOR RANK ONE SYMMETRIC SPACES 

BY AROLDO KAPLAN1 AND ROBERT PUTZ2 

Communicated by Hans Weinberger, June 11, 1974 

We study harmonic forms on a noncompact rank one symmetric space 
M\ that is, differential forms satisfying the equations dco = 0, ôco = 0. We 
define "Hardy spaces" Hp of harmonic forms on M and study their bound­
ary behavior. Fractional and singular integral operators are introduced on an 
Iwasawa group N of M, and used to characterize the boundary values of 
forms in Hp, setting up an explicit isomorphism between these spaces and the 
ordinary LP spaces on N. In this sense, these operators play a similar role 
to that of the Riesz transforms on Euclidean spaces and compact lie groups 
associated to the "conjugate systems" of harmonic functions studied by Coif-
man, Stein, and Weiss [1] , [7] . 

1. Some vector fields on M. Let G be the identity connected com­
ponent of the group of isometries of M; fix an Iwasawa decomposition G = 
KAN of G, and let N = ON, where 0 is the Cartan involution of G asso­
ciated to ^ . Let fl, f, n, îî, û be the Lie algebras of the groups G, K, N, 

N, A. Now define a right-action r of the solvable group S = NA on M = 
G/K as follows: since G = SK, each x E l can be written uniquely as 
x = s • o, where o = {K}, s ES; then for s' E S let T(S')(S • d) = ss' • o. 

For J E i , considered as a left invariant vector field on S, define a vector 
field X on M by X-^aoQ = T4t(Ad(a~1)X)9 n EN, a E A, where r* denotes 
the infinitesimal action of ? on M induced by r. Since the action r is 
free, X —• X maps a basis of £ onto an everywhere defined frame of vector 
fields on M Moreover, [X, Y]~ = [X9 Y] whenever X and Y are both 
in n and [X, Y] = 0 if XE a. Note that the integral curves of X, XE a are 
geodesies in M which are orthogonal to the family of submanifolds Na • o9 a E A. 
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