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Let Sf be a compact Riemann surface, which we will assume to have 
curvature normalized to be — 1 , and let 0=A0<A1^A2^- • • be the eigen
values corresponding to the problem AF+AF=0 on Sf \ where A is the 
Laplacian for £P. In an otherwise very interesting and useful paper [2], 
McKean has stated that it is always the case that A ^ J. In this paper, we 
will show that this need not be true, and that in fact, it is possible to 
have as many An's in (0, | ) as one wishes. The existence of such An's is of 
considerable interest, since they figure explicitly in the finer points of the 
theory of the distribution of the lengths of shortest closed geodesies in 
free homotopy classes on S? (cf. [1]), as well as in the Riemann hypothesis 
for the Selberg zeta function corresponding to the trivial character on the 
fundamental group V of Sf. 

Our point of departure will be the version of the Selberg trace formula 
[3] appropriate to the case at hand, which runs as follows : 

Suppose Sf is the quotient of the upper half-plane by the discontinuous 
group r , consisting of, apart from the identity, hyperbolic transformations. 
Let % be a character of T, and let 0^A0(%)^Ai(%)^- • • be the sequence of 
eigenvalues corresponding to the problem AF+AF=0 on £f, where the 
eigenfunction F(x) is required to transform under V by F{yx)=%(y)F(x). 
The discussion in [3] assures that the Aw(#)'s are real and ^ 0 , and that the 
set of such eigenfunctions is complete in the space consisting of those 
measurable functions on the upper half-plane which transform in this 
manner, and which are L2 over a fundamental domain of I \ Now suppose 
h(z) is an even function, holomorphic in a strip of the form | I m z | < 
%+e O>0) , and satisfying a growth condition of the form \h(z)\ = 
0 ( l + |z|2)~1_e, uniformly in the strip. Associate with the sequence 
ô(%)> hix)* ' ' • of eigenvalues, a sequence R, consisting of those numbers 

r(x) that satisfy the equations hn(%)=l+r2(x) (n=0, 1, 2, • • •)• Apart 
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1 Professor Selberg has pointed out to me that he has previously obtained this and 

similar results by, among other things, a technique that directly establishes the con
tinuous dependence of the spectrum on the character. 
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