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ABSTRACT. Both David London and Mark B. Hedrick have
independently generalized a result of M. Marcus and M. Newman
concerning the behavior of the permanent at a minimum on the set
of doubly stochastic matrices. The author generalizes this last result
and simplifies the proof appreciably. He proves the following. Let
A be a doubly stochastic matrix and let X be a set of doubly sto-
chastic matrices with the same (0, 1)-pattern as 4 in some neighbor-
hood of A4. If A4 is a critical point of the permanent relative to X,
then per A=perA( | j) for each positive a,;.

In 1926 [8], B. L. van der Waerden conjectured that the permanent
achieves a unique minimum on the set D, of nxn doubly stochastic
matrices at the matrix J,, (each of whose entries is 1/n). The conjecture has
some interesting interpretations in finite probability and finite combina-
torics. However, it is only known to be true for n less than or equal to
5 [6], [1], [2] and for the class of positive semidefinite, hermitian matrices
[5]. The most general result previously known was obtained independently
by D. London [4] and by M. B. Hedrick [3] and stated that if 4 is a
matrix in D,, at which the permanent achieves a local minimum relative
to D, then per 4 <per A(i[j) with equality for each positive a;. Both of
these papers relied heavily on methods from the definitive work of M.
Marcus and M. Newman [6] in which knowledge of the eigenvalues of
AAT was required. Since the relationship between the eigenvalues of 4
or AAT and the permanent of A appears to be extremely nebulous [7],
the author finds a great deal of beauty in the simplicity and purely com-
binatorial nature of the following proof.

THEOREM. Let A be a doubly stochastic matrix, and let X be a set of
doubly stochastic matrices with the same (0, 1)-pattern as A in some neigh-
borhood of A. If A is a critical point of the permanent relative to X, then
per A=per A(i|j) for each positive a,;.
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