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The purpose of this note is to give a kind of intrinsic characterization of
second order elliptic operators.

Let p(x, D) be an mth order elliptic operator defined on an open subset U
of R". Let p,(x, &) be its leading symbol. Let ¢ be a smooth function on U
with the property that grad ¢ # 0 when ¢ = 0. The hypersurface, ¢ = 0,
is said to be strongly pseudoconvex at a point x € ¢~ 1(0) if

0? . — _
1) Yol px, PP (%, &) + 17 Im Y, sl EPP(x, ) > O,
~ 0x,;0%;
for all ¢ = n + it grad ¢, where n € R" and 0 # 7 € R, satisfying the equa-
tions:
@ Pulx, &) = 0 = Y p(x, &) 0y/0x;.
(See Hormander (2, Chapter 8].)

If p is a second order operator and its leading symbol is real, then, for
n, N € R" not multiples of each other, the equations

3) P20, + tN) = 0 =3 p(x,n + tN)N;

have no solutions, so condition (1) is satisfied trivially. This proves

PROPOSITION 1. If p(x, D) is second order and its leading symbol is real,
then every hypersurface is strongly pseudoconvex.

In this note we will prove a result in the other direction, namely,

PROPOSITION 2. Ifn = 3 and every hypersurface is strongly pseudoconvex
then p(x, D) is second order.

REMARK 1. If there exist vectors #, N satisfying (3) it is easy to construct a
¢, with grad ¢(x) = N, violating (1). Therefore for every surface with nor-
mal, N, at x to be strongly pseudoconvex at x it is necessary and sufficient
that there be no#, N satisfying (3). Hence Proposition 2 can be reformulated
as a simple algebraic assertion, namely,

PROPOSITION 3. Let p({), { € C", be a homogeneous polynomial of degree m.
Assume n = 3, and assume p satisfies the following conditions:
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