
1969] ON SPHERE-BUNDLES. I 617 

3. W. Sierpinski, General topology, Univ. of Toronto Press, Ontario, 1952, p. 250. 
4. , Cardinal and ordinal numbers, PWN, Warsaw, 1958, p. 376. 
5. S. M. Ulam, Zur Masstkeorie in der allgemeinen Mengenlehre, Fund. Math. 

16 (1930), 140. 
6. , Problèmes No. 74, Fund. Math. 30 (1938), 365. 
7. , A collection of mathematical problems, Interscience, New York, 1960, 

p. 9. 

INDIAN STATISTICAL INSTITUTE, CALCUTTA, INDIA 

ON SPHERE-BUNDLES. I 

BY I. M. JAMES1 

Communicated by P. E. Thomas, November 19, 1968 

Let E be an (n — l)-sphere bundle over a base space B, with the 
orthogonal group as structural group. By an almost-complex structure 
on E we mean a reduction of the structural group to the unitary 
group. By an A-structure on £ I mean a fibre-preserving map/: E—>E 
such that fx is orthogonal to x for all xÇzE. For example, an almost-
complex structure determines such a map through the action2 of the 
scalar / such that J 2 = — 1. Note that n must be even if an ^-struc
ture exists. When E is trivial this necessary condition is also sufficient. 

I describe E as homotopy-symmetric if lÇ=u:E—>E, by a fibre-
preserving homotopy, where u denotes the antipodal map given by 
ux = — x. This condition also implies that n is even. An A -structure 
f on E determines a fibre-preserving homotopy ft ( / £ / = [0, l]), 
where ftx = x cos rt+f(x) sin irt, and so E is homotopy-symmetric. I 
assert that the converse holds in the stable range,3 so that we have 

THEOREM 1. Let B be a finite complex such that dim B ^ w—4. Then 
E admits an A-structure if and only if E is homotopy-symmetric. 

A proof can be given as follows. Let p: E—>B denote the fibration. 
Let E' denote the space of pairs (x, y), where x, yÇîE, such that 
px = py and such that x is orthogonal to y. We fibre E' over E with 
projection p' given by p'(x, y) =#. An -4-structure ƒ on E determines 
a cross-section ƒ': E—»E', where ƒ'# = (x, fx), and conversely a cross-
section determines an A -structure. Let E" denote the space of paths 
X in E such that p\ is stationary in B and such that X(0) =X(1). We 
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