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The aim of this note is to describe the structure of a class of non-
commutative rings which possess a variant of the Euclidean algorithm
and indicate some properties of such rings.

All rings are associative and possess unity; subrings and homo-
morphisms are unitary. A domain is a (not necessarily commutative)
ring without nonzero zero-divisors.

Let R be a ring and ¢ be an ordinal-valued function defined on
R~(0). Put ¢(0)=—o and let (—w)+(—wo)=at+(—x)
=(—®o)+a=— o and — = <a for every ordinal « in the range of
¢. ¢ is called a transfinite left division algorithm on R if, for all ¢, bER,
the following conditions hold:

(1) ¢(a—b) <max{e(a), ¢()},

(2) ¢(ab) =¢()+9¢(a),

(3) if 570, then there exist g, 7 ER such that a=gb-+r, ¢(r) <¢(b).

Clearly, every ring with a transfinite left division algorithm is a
left principal ideal domain.

We need some terminology and notations. Let p be a mono-endo-
morphism of a domain D. A mapping §: D—D is called a p-derivation
on D if 6(a+b)=26(e)+8() and 6(ab) =p(a)d(b)+d(a)b hold for all
a, bED.

Let D be a subdomain of a domain R. Let x be an element of R
such that every nonzero element r ER can be uniquely expressed as
> dix™ where d;ED~(0) and #; are integers with 0<7,< - - -
<mn,. Further, suppose that there exists a mono-endomorphism p of
D and a p-derivation 8 on D such that xd =p(d)x + 6(d) for alldED.
This situation is expressed symbolically as R=D|[x, p, 8].

Let R be a domain, & a nonzero ordinal and {Rs: f<a} a set of
subdomains of R such that

(1) R=Upa Ry,

(2) if 0<B<a then Rs=(U,<s R,) [xs, ps, 8s]. We express this
situation symbolically as R=R,[xs, ps, 0s: 0<B<a]. Thus, Uy<s R,
=Ry [%y, py, 8,: 0<y<B]. If all § are zero derivations, we simplify
the notation and put R=Ro[xs, ps: 0<B<a].

THEOREM 1 (CF. [2], [4]). 4 ring R has a transfinite left division
algorithm if and only if R =K [xg, ps, 8s: 0 <B<a], where K is a skew
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