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SPHERE-PACKING IN THE HAMMING METRIC!
BY ROBERT J. MCELIECE AND HOWARD RUMSEY, JR.
Communicated by R. Creighton Buck, July 31, 1968

Let V,.(2) be the n-dimensional vector space over GF(2), with
vectors represented as n-tuples of 0's and 1’s. The Hamming metric
d(x, v) is defined to be the number of coordinates in which x and y
disagree. If 4= { @, Qg ¢ ¢ -, aM} is a set of M vectors, we define
d(4) =ming.;d(a;, a;), and d(4)=mean,.;d(a;, a;). Finally define

D(n, M) = max d(4).
|Al=M

We present in this paper a method of obtaining an upper bound on
D(n, M) which is always at least as good as the well-known bounds,
and which is frequently better. At the same time, the method
gives a satisfactory explanation of the relationship between the vari-
ous known upper bounds on D(#, M) (Hamming [1], Plotkin [1],
and Elias [2]). The weakness of the method seems to be that for the
most part it deals only with the average distance between vectors,
and further progress probably awaits a technique which is able to
deal more directly with the minimum distance.

We need three theorems, Throughout 4 = {al, gy + -, au} is a
set of M vectors from V,(2).

TuEOREM 1. Let S,(x) be the sphere of radius r centered at x. Then the
mean value of IS,(x)f\AI as x varies over V,(2) is
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1 This paper presents the results of one phase of research carried out at the Jet
Propulsion Laboratory, California Institute of Technology, under Contract No. NAS
7-100, sponsored by the National Aeronautics and Space Administration.
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