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1. Introduction. Let X be a Banach space, and let B(X) denote
the space of bounded linear operators on X. An operator 4 EB(X) is
called a Fredholm operator if

1. a(4), the dimension of the null space N(4) of 4, is finite;

2. the range R(A4) of A is closed in X;

3. B(A) the codimension of R(4), is finite.

The set of Fredholm operators on X is denoted by $(X). An oper-
ator EECB(X) is called a Riesz operator if E—NEP(X) for all scalars
A0, For further discussion of such operators we refer to [1, p. 323],
2], [3], [4], [5], [9].

An operator EEB(X) is called a Fredholm perturbation if A+E
EP(X) for all A EP(X). In this paper we investigate the connection
between Riesz operators and Fredholm perturbations. Our work com-
plements the results of [2], [3] and [6].

2. Riesz operators. Let R(X) denote the set of Riesz operators
on X.

LeMMA 1. EER(X) if and only if I+NEED(X) for all scalars \.

Proor. If EER(X), the statement is true for A=0. Otherwise
E+4I/NEP(X). Hence IH+NEEP(X). Conversely, if us£0, then
w(I+E/u) E®(X) showing that E4+uEd(X).

The set K(X) of compact operators on X is a closed, two-sided ideal
in B(X). Let 7 be the natural quotient map of B(X) into B(X)/K(X).

LemMa 2 [7]. AC®(X) if and only if w(A) is invertible in
B(X)/K(X).

Lemma 3 [9], [1]. EER(X)s||w(E)"||H"—0 as n— .

For any two operators 4, BEB(X) we shall write AU,B when
AB—BA is a compact operator on X. The reason for the notation is
that m(AB) =w(B4) in this case. Such operators are said to “almost
commute.”

Lemva 4. If EER(X) and KEK(X), then E+K ER(X).
PRrROOF. m(E+K —\) =w(E—N).
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