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The purpose of this paper is to prove the following: 

THEOREM. Suppose that n is a positive integer, X{-i<Xi and yi-iT^yi, 
i= 1, 2, • • • , n. Then there exists a polynomial P such that P(xi) = y,-, 
i = 0, 1, • • • , n and P is monotone in each of the intervals [#»--i, #,-], 
i = l , 2, • • • , n. 

This theorem differs from the usual polynomial interpolation 
theorem in that there is no mention of the degree of the polynomial. 
The proof presented here leaves little room for generalization from 
ordinary polynomials to more general systems of functions since it is 
essential that zeros can be prescribed. 

PROOF. Let yo — Q and generality is not lost. D = {Q: Q is a poly
nomial and Q(x)(yi-~yi-i)èzO for Xi-i£*x^Xi9 i=*l, 2, • • • , n\. 
If QuQi&D and O g / g l , then [tQi(x) + (l-t)Q2(x)] ( y < - y « ) 
^tQi(x)(yi—yi^i) + (l—t)Qi(x)(yi—yi-.i)^0 for x^i^x^Xi and i 
= 1, 2, • • • , n. Therefore D is a convex subset of the space C[xo, xn]-
Furthermore, if QÇzD and a^O, then aQ&D. 

Let F be the function from D into En defined by 

HQ) = \ fXtQ(x)dxV . 
W XQ / 1=1 

F is linear and so F(D) is a convex subset of En. Furthermore if 
zGF(D) and aàO, then azEF(D). 

For each i, l^i^n, let <j>i denote the point of En such that if 
l^j<it then the jth coordinate is zero and if i^j^n, then the jth 
coordinate is one. Let X*=sign (j t—^ t_i) •<£,- and note that 
c/>i = sign (yi—yi-i) 'A*. Any point Z = (zi, 22, • • • , zn) has the represen
tation z — X) {zi — Zi-~i)4>i where ^0 = 0. In particular, if (?££>, 

*•«?) » Z ( ƒ * Ö(*)<**) •*< - £ ( ƒ * e(*)*cj sign(y« - y*-0 -A* 

But 

sign I j Q{x)dx\ = sign(yj - ;yt-_ 
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