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In [4] we defined the Poisson boundaries for semisimple Lie groups.
These spaces play a role in the theory of generalized harmonic func-
tions on the Lie group similar to that played by the boundary of the
unit disc in the classical theory of harmonic functions on the unit
disc. It is not hard to extend these notions to all separable, locally
compact groups, and, in particular, they make sense for countable
discrete groups. In this form we shall show that these ideas provide
a useful tool for answering certain purely algebraic questions. Namely,
we raise the following question. Let G be a connected Lie group, T'
a discrete subgroup for which G/T' has finite (left-) invariant mea-
sure, To what extent is G determined by a knowledge of I" as an ab-
stract group, and conversely, what is the influence of G on the struc-
ture of I'?

To make this question precise, let us say that G is an envelope of
T if an isomorphic copy IV of I' occurs as a discrete subgroup of G,
and G=DI", where D is a subset of G with finite left-invariant Haar
measure. Our question may now be stated in this way. How different
can two connected Lie groups Gy and G, be if they both envelop the
same countable group I'?

We shall be discussing a rather restricted version of this question.
We suppose that Gy and G. are semisimple and have no compact
components, and that G; and G, envelop the same group I'. Does it
follow that Gy and G, are isomorphic? (Without the hypothesis that
G, and G; have no compact components we could always take
G2=G1Xa compact group.) Our guess is that this is the case. How-
ever all we can prove is the following:

TrEOREM. Let H,, r=1, 2, 3, + - -, denote the hyperbolic group of
motions of the r-sphere St: H, consists of the (r+2) X (r+2) real matri-
ces that leave the form xi+xi+ - - - +x2—12 invariant. SL(s, R) de-
notes the group of sXs real unimodular matrices. If Gy is one of the
groups H,, r=1 and G, is one of the groups SL(s, R), s= 3, then G, and
G cannot simultaneously envelop the same countable group.
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