SINGULAR INTEGRALS
BY A. P. CALDERON!?

In this paper I will attempt to describe the subject as it has de-
veloped in the last fifteen years, outlining the methods by which its
problems have been approached and discussing its connections with
other branches of Analysis. It will perhaps be best to start by con-
sidering certain classical situations which lead naturally to singular
integrals and which contain the seeds of some of the methods and
some of the applications we will discuss later. The simplest one arises
in attempting to establish the connection between the real and imagi-
nary parts of the boundary values of an analytic function. Suppose
that f(2) is analytic in I(z) =0 and that zf(z) is bounded, then if «(x)
and v(x) are the real and imaginary parts of f on R(z) =0, we have
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the second formula being obtained from the first by letting the imagi-
nary part of z tend to zero. The expression for v above is the so-called
Hilbert transform of the function #. The integral it involves is abso-
lutely divergent due to the singularity of the kernel at x=¢.

A second example is given by the second order derivatives of the
Newtonian potential. Let us consider the potential of the density
function f(x) in R?
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where I x—-yl denotes the distance between the points x and y and dy
denotes the volume element in R3. If f is sufficiently smooth, differ-

entiation under the integral sign leads to the following expression for
the second derivatives D;;g of g

-1 1
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and integration by parts gives

(1) Dijg(x) = 30:f(x) + Lim kii(x — y)f(y) dy,
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1 Colloquium Lectures given from August 31 to September 3, 1965 at the Seven-
tieth Summer Meeting of the American Mathematical Society held in Ithaca, New
York.
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