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This note comments on recent Russian results in Hilbert space.
Macaev [9] has given a fundamental estimate of completely continu-
ous transformations which have no nonzero spectrum. The same
estimate is true of transformations with imaginary spectrum.

THEOREM 1. Let T be a densely defined transformation in o Hilbert
space 3 such that T* has the same domain as T and T — T* has a com-
pletely continuous extension. Suppose that

(1) T — T* C 2i ), sgn ko,

where (cx) is an orthogonal set in 3C, indexed by the odd integers,
lcesall e for k>0, |[ces]] <||ci] for £ <0, and

©) o= 2Zllall*/| ] <.

If the spectrum of T is imaginary, then the spectrum of 3(T+T*) is
contained in the interval [—28/w, 28/x).

If @ and b are elements of a Hilbert space, @b is the inner product,
@b=(b, a), and ab is the linear transformation defined by (ab)c
=a(bc) for every ¢ in 3. The proof of Theorem I is similar to
Macaev's except that it depends on the following new estimate of
eigenvalues.

TrEOREM 11. Let S be an everywhere defined and bounded transforma-
tion in o Hilbert space 3C, which has imaginary spectrum, such that

S — 8* = 2i 2 byba,
where (b,) is an orthogonal set in 3¢ and Y||ba||? is finite. Then,
S 4+ 8% =2 sgn kapdy,

where (ar) is an orthogonal set in 3C, indexed by the odd integers,
llaxsal| <||ail| for £>0, ||ar-a| <||as| for E<0, and

a2 = @/m) (X ||oal]2)/ | B
for every k.

Macaev [9] has given a fundamental existence theorem for invari-
ant subspaces. It can be deduced directly from Theorem I without
using, as he indicates, an additional estimate of resolvents. Neither
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