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Functions which have non-negative derivatives at the origin play
an important role in the theory of probability. The moment generat-
ing functions of symmetric distributions are the most common exam-
ples of such functions. In the present note we first give a theorem on
the properties of such functions. Finally we consider an interesting
application of this theorem in deducing an analytic decomposition of
the Poisson distribution. For this purpose we require the following
definition:

DEFINITION. Let g(x) be a real-valued function of the real variable
x which has finite derivatives of all orders

k

g(k)(o) = l:— g(x)] ’ kE=1,23---,
z=0

dx*
at the point x=0. We then define formally the function
o g®)(Q
G(z) = g(0) + X d k’< ) z¢  (z complex)
k=1 !

as a function of the complex variable z (z=x-414y, x and y being both
real) and call G(2) the adjoint function of g(x). In general, the func-
tion G(z) may not exist, except at the point 2=0 and we note that
G(0) =g(0). The adjoint function G(2) is said to be regular in the circle
|z| <R (R>0) about the point 2=0 if and only if the power series
g(0)+ >, (g™ (0)/k!)z* converges in the same circle |z] <R. We
can now formulate the following theorem:

THEOREM 1. Let {g.(x)},n=1, 2, - - -, be a countable sequence of real
valued functions of the real variable x such that g.(x) =1 for 0<x <48
(6>0) and further each g.(x) has non-negative derivatives of all orders
at the point x=0. Let {an} be a sequence of positive numbers such that
O<ao=a.<af,n=1,2, - -. Let g(x) be a function of the real variable
x having finite derivatives of all orders at the point x =0 such that the cor-
responding adjoint function G(z) is regular in a circle |z| <R (R>0)
about the point =0 and has no zeros inside this circle. Suppose that the
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