ON MINKOWSKI BODIES OF CONSTANT WIDTH
PAUL J. KELLY

A metric set is entire if the addition of any point to the set increases
the diameter. A convex body has constant width if all pairs of parallel
supporting planes are the same distance apart. These concepts are
known to be equivalent in euclidean space.! The present paper shows
that they are also equivalent in a minkowski space.

A proof for this equivalence for the minkowski plane was given by
Meissner.? He showed also that two curves of the same constant width
have the same circumference, and that a three-dimensional body of
constant width has plane sections of constant width, in terms of the
corresponding section of the minkowski sphere as plane indicatrix.
However, Meissner’s three-space proof for the equivalence of entire-
ness to constant width is incomplete.? He assumed, moreover, that the
indicatrix had no singular points. The equivalence here is shown for
the #n-dimensional case with the assumption merely that the indi-
catrix is convex.

In a euclidean E* space let C be a closed, convex hypersurface with
O as center. In terms of C as indicatrix let a minkowski distance be
defined in the usual way to make the space an M4

Let 7 and s be half-rays emanating from O at an angle 6 and let
N As be the euclidean lengths of the minkowski radii of C in these
directions. Then sm(r, s), a positional sine with respect to C, is de-
fined to mean N\, sin 6.5

LemMA. If 7, s, t are half-rays through O, which lie in a plane, with s
between r and t (in terms of an angle not greater than w) then sm(r, s)
+sm(s, £) =sm(z, £).

If X,, X,, X; are the end points of radii A, Ns, N¢, then from the
convexity of C it follows that the euclidean area of AOX1 X, plus the
area of AOxqx; is not less than the area of AOxix;. Since the area of
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