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DAL CHARLES GERNETH1 

Mengers paper2 gives necessary and sufficient conditions that an 
expression containing sentential variables and unary and binary 
sentential connectives be a formula in the Lukasiewicz notation. 
This paper extends his result to expressions containing w-ary symbols 
for all n ^ 0. Sentential variables and constants are treated as the case 
tt = 0. 

An expression is a sequence Si • • • Sk such that Si for i = 1, • • • , k 
is an w-ary symbol for some n. An initial segment of such an expres
sion is an expression $i • • • Si where i<k\ a terminal segment is an 
expression st • • • s* where / > 1 . A formula is a sequence sz\ • • • zn 

where s is an w-ary symbol, and Zi, • • • , zn are formulas. The meas
ure [s] of an w-ary symbol s is # — 1 . The measure [si • • • Sk] of an 
expression Si • • • Sk is [si] + • • • + [ * * ] • 

THEOREM. Necessary and sufficient conditions that an expression 
X = Si • • • Sk be a formula are: 

(1) [y] ^ 0 for each initial segment y of x, 

and 

(2) [x] - - 1. 

PROOF. Suppose s is an w-ary symbol, z\% • • • , Zh, h^O are formu
las, z is an initial segment of a formula Zh+u and zh • • • , Zh+i satisfy 
(1) and (2). Then 

[szi • • • * » ] - [s] + [*] + • • • + [zh] 

« ( » - l ) - l - - - - - l « n - l - * 

and 

(4) [521 • • • Zhz] = « - l - H [ z ] è w - l - * . 

PROOF OF NECESSITY. Let x — sz\ • • • sn be a formula where by the 
induction hypothesis s is an w-ary symbol and Zi, • • • , zn are formulas 
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