ABSOLUTE AND UNCONDITIONAL CONVERGENCE
M. S. MACPHAIL

A series D %, whose terms are elements of a Banach space B is
said to converge absolutely if le,.l converges, unconditionally if
every rearrangement converges. If a series converges absolutely it
converges unconditionally; absolute convergence and unconditional
convergence are equivalent in any finite-dimensional Euclidean space,
whereas in L2, for instance, there are simple examples of series which
converge unconditionally but not absolutely. The question in what
spaces the two definitions are equivalent is left open by Banach [1,
p. 240].! It may be conjectured that unconditional convergence does
not imply absolute convergence in any infinite-dimensional space (cf.
[2, p. 30]), but the problem does not seem to have been explicitly
treated. The purpose of this note is to obtain a criterion for the equiv-
alence of the two notions in a given Banach space. As examples of
its use we shall show that unconditional convergence does not imply
absolute convergence in the spaces L and . The result for L is already
known (see for example [3, p. 45]), but the result for ! has not, to
the author’s knowledge, been stated elsewhere.

We shall need the following definitions. Let S be any (finite) se-
quence of elements &, &, - - -, £, in B. We do not require that
the £&; be all distinct, and we shall understand by addition, Si+Ss,
the mere adjoining of the two sequences. Thus we might write
1,2,2,3)4+@G,2,1)=(1, 2,2, 3, 3, 2, 1). By ¢S (¢ real) we under-

stand the sequence c&, ¢k, + - -, c£p. We shall use two norms,
Sl=Slal |5l =swp| T,
where o is any subset of 1, 2, , p. It is easily verified that
Si+Se| =8 +1S,|, |sl+sz|*s|sll*+|szl* |eS| =]|¢||S], and
¢S|*=]c|| S|*. Define further, when | S| 0,
G(S) =|s|*/[s|.

Note that 0<G(S) £1. Let g=inf G(S), taken over all sequences
SCB.

THEOREM.? If g=0, unconditional convergence does not imply ab-
solute convergence in B. If g>0, the two are equivalent.
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1 Numbers in brackets refer to the references cited at the end of the paper.
2 Suggested to the author by Garrett Birkhoff, in conversation.
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