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Since | | t fn*(ö| |>0, the sphere | | s - Unk(Ç)\\ S\\ Unh(Ç)\\/2, is non-
vacuous. That such a sphere is a p-set was demonstrated in §3. The 
sphere K we were required to construct has therefore been shown to 
exist, and Theorem 3 is proved. 
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1. Introduction. The main object of this paper is to derive, in a 
simple manner, upper bounds for the norms of the derivative of 

(1) ] £ a*t>i(x) 

in C and L2 spaces, where the a» are arbitrary constants, and {<f>%(x)} 
is any set of functions on a given finite or infinite interval (a, 6). We 
apply our method, properly modified, first to the case where the <j>i(x) 
are characteristic solutions of conjugate sets of integral equations, 
then to other classes of functions whose first derivatives {<ƒ>/ (x)} are 
orthogonal with respect to a weight function <r(x). Finally, we apply 
our results to the question of convergence of sums1 of type (1) that 
minimize 

ƒ PO) ƒ 0 ) - ] £ ai<i>i(x) dx, m > 0. 

The leading results of our investigation may be summarized briefly 
as follows : 

(A) 
dx »«o a b n \ l / 2 

[22 a<i<j>i{x)}2dx\ 
where Xw is a positive number that increases with n and k(x) is a func-
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1 For the specialized cases when the approximating functions are trigonometric 
sums or polynomials, see D. Jackson, The theory of approximation, Amer. Math. Soc. 
Colloquium Publications vol. 11, 1930, pp. 86-89, 96-101. 


