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The following discussion is closely connected with Lebesgue’s theo-
rem that the derivative of an integral is equal to the integrand almost
everywhere. It is well known that in generalizing this theorem to
higher dimensions, great care must be exercised in the choice of the
systems of intervals or sets used for #-dimensional differentiation.

Lebesgue! had already observed that arbitrary intervals (parallel
to the axes) cannot be used for the generalization of that theorem,
but only such intervals whose edges have a bounded ratio, or, more
generally, such sets which are regular relative to the cubes. This also
corresponds to the behavior of the most essential tool used in the
proof, namely, Vitali’s covering theorem. Saks? and, independently,
Busemann and Feller? found later that there is a remarkable differ-
ence between the integrals of bounded* and unbounded functions: in
the first (but not generally in the last) case, differentiation relative
to arbitrary intervals (parallel to the axes) furnishes the integrand
almost everywhere. But, according to Zygmund and Nikodym?® and
to Busemann and Feller,® even in the case of bounded integrands,
differentiation relative to the system of all rectangular parallelopipeds
(arbitrarily oriented) does not always furnish the integrand almost
everywhere.

As to integrals in abstract spaces—in the case of bounded inte-
grands, de Possel® gave necessary and sufficient conditions for the
systems of sets used in differentiation to permit a generalization of
Lebesgue’s theorem; while in case of arbitrary integrands, de Possel®
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