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1. Introduction. If Ui, • • • , un is a set of vectors such that u»Uy = UyU» 
are numbers of a field K for i, j = 1, 2, • • • , n, all linear combinations 
of these vectors with coefficients in K constitute a vector space 

© = <Ul, • • • , Un) 

over K and the symmetric matrix 21 = (uot/) = (a»-,-) is the multiplica
tion table for the &a.m Ui, • • • , un. The inner product of two vectors 
^XiUi and ^y»u$- is the bilinear form 

and the worm of a vector is the inner product of a vector and itself ; 
it can be expressed as a quadratic form. 

If S is a nonsingular transformation with coefficients in K and 
(iti, • • • , uw)6 = (t>i, ••• ,*>„) , the t)'s will constitute a new basis of 
the same space © and the multiplication table for the new matrix is 
(£'?)[(£. This has the same effect on the matrix of the quadratic form 

the transformation (#i, • • • , #*)'=(£(:yi, • • • , yn)'> The 
quadratic forms fi and ƒ2 are equivalent (in X) if one may be taken 
into the other by a nonsingular transformation with coefficients in K. 
Then the corresponding vector spaces are said to be equivalent (in K). 
We w r i t e / i ^ / 2 and ©i^@ 2 . 

I t should be noted, in passing, that two vector spaces may be equiv
alent without being identical. For example, if n — 3 and 
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it is true that (ui, 112)=(U2, Us). However, an isomorphism may be es
tablished between two sets of vectors having the same multiplication 
table. 

Two vectors u and b are orthogonal if ut> = 0. Two vector spaces are 
orthogonal if every vector of one is orthogonal to every vector of the 
other. Two subspaces, ©1 and ©2, of © are complementary if every 
vector of © is the sum of a vector of ©1 and a vector of ©2. If ©1 
and ©2 are complementary orthogonal subspaces of © we write 
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