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APOLARITY OF TRILINEAR FORMS AND PENCILS 
OF BILINEAR FORMS* 

R. M. THRALL 

1. Introduction. In this note the idea of apolar trilinear forms, in
troduced earlier by the author, f is generalized, and the main theo
rems are given new proofs independent of the group theoretic meth
ods and notation used then. The importance of the apolarity concept 
in trilinear form classification is illustrated by a numerical applica
tion. In §3 there is given a new method of classifying singular pencils 
of bilinear forms based on Dickson's minimal numbers. J 

2. Apolarity of trilinear forms. A trilinear form F(x, y, z) 
— ̂ ahijXhyiZj, where h runs from 1 to /, i from 1 to ra, and j from 1 to 
n, has as two-way rank invariants § rh, riy r3- the smallest numbers of 
variables x, y, z, respectively, in terms of which the form can be ex
pressed. Let F and Ff = J^bhiiXhViZi be two trilinear forms in which 
the numbers of x's, y's, z's are rh, m, n and rl, m, n, respectively, 
where th and rh' are the two-way /^-rank invariants of F and F'. 

DEFINITION. F and F' are said to be h apolar {relative to m, n)\\ if 

(1) ]C aMjbvij = 0, h = 1, • • • , rh\ v = 1, • • • , ri , 
i, j= 1 

and 

(2) rh + rh = mn. 

We define i and j apolarity analogously with respect to the i and j 
two-way rank invariants of F and F'. We shall apply the term apolar 
to two forms if they are h, i, or j apolar. The following theorems con
cerning h apolarity can, of course, be rephrased in terms of i and j 
apolarity. 

We consider questions of existence and uniqueness properties of 
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