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ON THE nTK DERIVATIVE OF ƒ(*)* 

H. S. WALL 

Let 3>i, 3>2, 3>3, • • • be defined recursively as follows: yi is the loga
rithmic derivative of a function y=f(x)t and yv=Dxyp^t (V = 2, 3, 
4, • • • ). Then the successive derivatives y', y", yf", • • * of y with re
spect to x are polynomials in y and the yv. In fact, y'=yyi, y" 
=y(y2+yi)> y'"=y{y*+$y\y*-\"y\)i and 

/A>. (n) v ^ . (n) J»I v2 "n 

(1) y = y ZjAVl,2...9ny1y2 - - yn, 

where A^r..Vn is a positive integer and the summation is taken for 
all non-negative integral solutions v\, v2, v$, • • • , vn of the equation 

(2) vi + 2v2 + 3̂ 3 + * * • + nvn = n. 

This statement may readily be proved by mathematical induction. 
The principal object of the present note is to prove the following 
theorem : 

THEOREM. The integer A^]r..Vn in (1) is equal to the number of ways 
that n different objects can be placed in compartments, one in each of 
v\ compartments, two in each of v2 compartments, three in each of vz 
compartments, • • • , without regard to the order of arrangement of the 
compartments. 

1. Generalized binomial coefficients. Let k,m,n, (kn^m), be posi
tive integers, and denote by C$n the number of ways that kn objects 
can be selected from m objects and placed in n compartments, k in 
each compartment, where no account is taken of the order of ar
rangement of the compartments. Thus C^n is the binomial coefficient 
Cm,n = /fn\/[nl(m — n)\]. We have 

n.'l^rn,n = ^m,kn ' y^ kn,k ' Wc(n— 1) ,k ( _ • & , & / > 

or 

(3) C™n = m\/[n\{m - kn)\(k\)n]. 

This has meaning if m ^ kn. For special 0 values of the indices we 
shall consider C^n to be defined by (3) by taking 0! = 1. Thus if 
k^O, m^O, we have Cj$ = l. 
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