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ON SOME INEQUALITIES OF S. BERNSTEIN AND 
W. MARKOFF FOR DERIVATIVES OF 

POLYNOMIALS* 

A. C. SCHAEFFER AND R. J. DUFFIN 

A well known inequality on the derivatives of polynomials is that 
of S. Bernstein.f 

BERNSTEIN'S THEOREM. Suppose that f (x) is a polynomial of degree n 
or less} and that in the interval ( — 1, 1) 

l / (*) |g i . 
Then 

1 — x2 

and the equality can occur only iff(x) =yTn(x)t \y\ = 1,J where Tn(x) 
is the nth Tchebychef polynomial. 

The extension of this theorem of Bernstein to the higher deriva
tives plays an important role in this paper. Thus, if f(x) satisfies the 
conditions given in Bernstein's theorem, we obtain the inequality 

, /d» \* /dp \ 2 

x = cos 0, 

for x in ( — 1, 1). Using this inequality we are able to give a simple 
proof of W. Markoff's theorem,! which states that under the condi
tions of Bernstein's theorem 

fp)(x) < ; — 1 < X < 1. 
U ' ~ 1-3-5 (2p-l) - ~ 
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