
I937-] ITERATES OF THE STIELTJES KERNEL 813 

T H E SUCCESSIVE ITERATES OF T H E STIELTJES 
KERNEL EXPRESSED IN T E R M S OF T H E 

ELEMENTARY FUNCTIONS* 

BY D. V. WIDDER 

1. Introduction. The Stieltjes kernel is the function 
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We define its successive iterates by the recurrence relation 

f00 Hn-i(t,ri)dt 
Hn& V) = / / / - ' (» - 2, 3, 4, • • • ) . 
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That these integrals all exist will appear from later considera
tions. Simple computation shows that 

C °° dt log f - log rj 

"•«•')-ƒ. « T o » ? * — F T " ' ( £ > 0"> 0 ) ' 
It is natural to inquire if it is also possible to express the higher 
iterates in terms of the elementary functions. It is the purpose 
of the present note to prove that this is the case. We show, in 
fact, that iJn(£, v) is a linear combination of the functions 

(log £ - log rç)2**1 (log f - log 1,)" 
) > (k = 0. 1, 2, • • • ), 

( 2£+ l ) ! ( £ - „ ) (2*)!({ + i,) 
the constants of combination being the coefficients of the power 
series expansion of (7r/sin ws)n. The precise result to be proved 
is contained in Theorem 2 of this paper, stated as follows : 

THEOREM 2. If 0 < £ < <*>, 0<rj< <*>, then 

» A2n,2k [ log^- logr?] 2 *- 1 

#2n(S, i?) = 2 , -777-—rr; : > (» = 1, 2, • • • ), 
A-i (2& — 1) ! s — y 

- A2n+lt2k+1 [ l o g f - l o g i y ] " 
H2n+l& 1,)= 2 , — , 

fc=o (26)! f + î? 
(» = 0, 1, 2, • - . ) , 
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