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SOME INEQUALITIES CONCERNING FUNCTIONS 
OF EXPONENTIAL T Y P E 

BY R. J . DUFFIN AND A. C. SCHAEFFER 

In this paper we derive two inequalities concerning entire 
functions satisfying the conditions f{z) =0(en |*') , and \f(z)\ ^ 1 
on the real axis. Our results are closely related to theorems given 
by S. Bernstein, Szegö, van der Corput and Schaake, and Boas.* 

THEOREM I. Letf(z) be an entire function such that 

(1) ƒ(*) = 00*1*1) 

uniformly over the entire plane, and on the real axis 

(2) | / ( * ) | 2 £ 1 . 

Then, if a and b are any two real numbers, 

(3) | af{z) + bf{z) | ^ (a2 + n2b2)l>2 

for real z. 

PROOF OF THEOREM I : By means of Cauchy's Integral For
mula and the Phragmén-Lindelöf Principle it is not difficult to 
show that if ƒ (z) satisfies the conditions of Theorem I then 

( - l)kf(— -a) 

(4) Li *> } - - . £ , K" . 
dz Uin n{z + a)) k—* \n(z + a) — kw\2 

For the proof of (4) see Poly a and Szegö, Aufgaben und Lehr-
satze aus der Analysis, vol. II , page 35 and page 218. If a is 
real we have |f{kir/n— a)| ^ 1, hence for all real z and a 

| f(z) sin n{z + a) — nf{z) cos n{z + a) \ 

(5) ^ n sin2 n(z + a) 

~ _oo {n(z + a) — kw}2 

* S. Bernstein, Comptes Rendus, vol. 176 (1923), p. 1603. 
Van der Corput and Schaake, Compositio Matematica, vol. 2 (1935), p. 321; 

vol. 3 (1936), p. 128. 
Szegö, Schriften der Königsberger gelehrten Gesellschaft, Naturwissen-

schaftliche Klasse, Fünftes Jahr 4 (1928), p. 69. 
Boas, Transactions of this Society, vol. 40 (1936), p. 287. 


