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ON T H E EXPANSION OF A FUNCTION ANALYTIC 
AT DISTINCT POINTS 

BY P. W. KETCHUM 

1. Introduction. Let &i, #2, • • • , av be a set of distinct points 
in the complex plane.* If Ok(x) is any function which is analytic 
at ak and has a simple zero at #&, then for any sufficiently small 
positive number ô the level curve | 0*0x01 =8 will have one 
branch, Cg(fc), which satisfies the conditions (a) a& is interior to 
the curve C§(fc), (b) C£k) is a simple closed analytic curve, (c) a,k 
is the only zero of Ou(x) either inside or on C§w . Furthermore, if 
ô' and 5" are any two values of ô such that dn>ô', then CV'(A;) 

contains Cs'(fc) in its interior. 
Let Fn,m(x), (w = 0, 1, 2, • • • ; m = 1, 2, • • • , v), be a set of 

functions all of which are holomorphic in and on each of the 
curves Cék}, and let each function have a zero of order n at am 

and a zero of higher order than n at all the other points a&, 
(k^m). Then in and on C#(m), we have the Bürmann series f 

(1) Fn,m(x) = ] £ £n,«' [0mO)] = [0m(^)] P n,m,m 

where 4 X ^ 0 . In and on CB
(fc> , ( ^ m ) , w e have 

00 

(2) Fntm(x) = 2-< cn>s [6k\x)\ = |0*WJ -^Vm.fcO). 

We assume that these functions have been normalized so that 
4wdm) = l. Denote by 6n,„ O = 0, 1, • • • ; s = 0, 1, • • •)» any set 
of positive numbers, independent of £, such that &n,o = l and 

Y^ (w.A;) 
0n,s = ^ Cn,«—l+8(m,&) 

I m=l t 

for 5>0 , where 8(ra, fe) is Kronecker's symbol. Put 

* In the work to follow the points ak are assumed finite but the extension 
to the case where one point a& is the point at infinity is immediate, 

f Whittaker and Watson, Modern Analysis, 4th éd., p. 131. 


