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DERIVATIVES OF H I G H E R ORDER AS 
SINGLE LIMITS* 

BY PHILIP FRANKLIN 

1. Introduction. If a function has an nth. derivative at a point, 
the value of this derivative may be calculated by taking the 
limit of a suitable quotient involving the nt\\ difference, as the 
fundamental difference for the independent variable approaches 
zero. However, the limit of this quotient may exist without the 
function having the corresponding derivative. The principal 
result of this paper deals with the expression for unevenly spaced 
points, which reduces to the quotient mentioned above when the 
points are equidistant. I t is shown that the existence of the 
limit of this expression, when the points close down in any way 
whatever to a fixed point, is a necessary and sufficient condi
tion for the function to have an nth. derivative throughout some 
neighborhood of the fixed point, continuous at the point. Some 
applications to finite Taylor developments are considered. A 
condition for the mere existence of the derivative is also given. 

2. Earlier Results, A precise statement of the theorem on nth 
differences,f as proved by de la Vallée-Poussin, is that 

Any 
(1) l i m T ^ = / ^ ( ^ o ) , 

h-^o hn 

if y =ƒ(#) has an nth derivative at x0, where Any is the nth dif
ference defined by the formulas 

Anf(x) = A w -yO + h) - An-lf(x), 

Af(x) = f(x+h) - ƒ ( * ) . 

The corresponding expression for unevenly spaced points is, 
except for a numerical factor, n\, 

(2) An,k= £ J-±-^ , 
y-l (X,— Xi) ' ' • (Xj— Xj-i)(Xj— tf/+i) ' • • (fff—ff«4i) 

* Presented to the Society, December 27,1933. 
t de la Vallée-Poussin, Cours d'Analyse Infinitésimale, vol. 1, 1921, p. 73. 


