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ON ALGEBRAIC EQUATIONS HAVING ONLY
REAL ROOTS*

BY W. E. ROTH
Given the algebraic equation

(1) fulx) = 2"+ ax™ ' + apam2 4 - - + @, = 0, @, # 0,

whose roots x;, =1, 2, - - -, n, are all real. Then there exist
equations, fr(x) =0, also of degree n, whose roots are the real
numbers x*, (¢=1,2, - - - ,n;A=+1, +£2, - - - ). If

(2) S7=xlj+x2j++xn1) (]=0:i1;_—t27)’
then the determinants
So Sy Se—m

Al?‘)= .)\.. 2)\...’0)\.. ’ (k=2)37"'yn)y

S(k—l))\ Slc)\ e S(?k—2))\

are all positive according to Borchardt’s theorem{ provided the
roots of fi(x) =0 are distinct. On the other hand, if fi(x) =0 has
exactly u (u=n) distinct roots, all real, then for odd values of
X\, fa(x) =0 will have exactly the same number of distinct
roots; and for even values of A, exactly u—» distinct roots,
where v is the number of distinct pairs of numerically equal roots
of fi(x) =0 which differ only insign. Under these hypotheses,
it is known that

AI?)>0; (k=2737”')l‘))

=0; (k=p+1,p.+2,"‘,’ﬂ),
if N\ is an odd positive or negative integer, and that

Alf:)‘)>0; (k=23 ,u—v),

=0) (k=p.—-v+1,u—v+2,~~-,n),

* Presented to the Society, November 28, 1931.
t Borchardt, Journal de Mathématiques, vol. 12 (1847), p. 58; Werke,
Berlin, (1888), p. 24.




