
448 NIEWENGLOWSKI'S GEOMETRY. [June, 

The cylinder and cone may be treated by similar methods. 
The preceding theorems suffice to show the validity of Eu­

clid's constructions. I t remains to show that the quadratic 
space is the least space which will suffice for these construc­
tions, and that the restriction of J .Oand BC to quadratic 
values is not arbitrary. The rational operations are all re­
quired in the addition and subtraction of lines, and the di­
vision of lines into any number of equal parts ; the operation 
of extracting any square root is equivalent to finding a mean 
proportional and is therefore essential. Moreover any point 
of the space can be reached by a finite number of opera­
tions. The reason that AC and BG should be restricted 
to quadratic values is : the function of G is to determine 
a plane through AB, while AB is the fundamental distance ; 
if G is assumed to be a point of the space we ought to be able 
to reach G by Euclid's constructions, starting from A and B. 

The antithesis of the quadratic space is a space consisting 
of the points whose rectangular coordinates, in a certain 
system, are transcendental quantities. I t has an infinitely 
greater number of points than the quadratic space, their mul­
tiplicity being of the order of the continuum. Moreover 
every line or surface of continuous space, except certain 
cases of a plane, or lines in a plane, parallel to one of the 
coordinate planes is also a line or surface of this space. We 
might therefore expect all Euclid's constructions to be pos­
sible in it ; such, however, is not the case, as we have al­
ready mentioned. Two striking peculiarities of this space 
are : two circumferences may intersect in a single point ; a 
circumference may have no center. 
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