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ENDS OF RIEMANNIAN MANIFOLDS 
WITH NONNEGATIVE RICCI CURVATURE 

OUTSIDE A COMPACT SET 

MINGLIANG CAI 

ABSTRACT. We consider complete manifolds with Ricci cur­
vature nonnegative outside a compact set and prove that the 
number of ends of such a manifold is finite and in particular, 
we give an explicit upper bound for the number. 

1. INTRODUCTION 

Toponogov [T] showed that in a complete manifold of non-
negative sectional curvature, a line splits off isometrically, i.e. any 
nonnegatively curved Mn is isometric to a Riemannian product 
Nk x Rn~k , where N does not contain a line. Later, Cheeger and 
Gromoll [CG] generalized this to manifolds of nonnegative Ricci 
curvature, known as the Cheeger-Gromoll splitting theorem. As 
a consequence, such a manifold has at most two ends (see §2 for 
the definition of an end). In [A], Abresch studied manifolds with 
asymptotically nonnegative sectional curvature. He showed that 
the number of ends of such a manifold is finite and can be esti­
mated from above explicitely. In this note, we consider manifolds 
with Ricci curvature being nonnegative outside a compact set and 
prove that the number of ends of such a manifold is finite and in 
particular, we give an explicit upper bound for the number. That 
is, we prove the following theorem. 

Theorem. Let (Mn, o) be a Riemannian manifold with base point 
o. If the Ricci curvature is nonnegative outside the geodesic ball 
B(o, a) of radius a and is bounded from below on B(o9 a) by 
-(n-l)A (for A > 0), then there exists a universal bound on the 
number of ends, e.g. 

the number of ends of Mn < -(Aa)~n exp ( —^r—-Aa ] . 

Received by the editors September 25, 1990 and, in revised form, October 9, 
1990. 

1980 Mathematics Subject Classification (1985 Revision). Primary 53C20. 

©1991 American Mathematical Society 
0273-0979/91 $1.00+ $.25 per page 

371 


