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THE ANALYTIC PRINCIPLE OF THE LARGE SIEVE 

BY HUGH L. MONTGOMERY 

E. Bombieri [12] has written at length concerning applications of the large 
sieve to number theory. Our intent here is to complement his exposition by 
devoting our attention to the analytic principle of the large sieve; we describe 
only briefly how applications to number theory are made. The large sieve was 
studied intensively during the decade 1965-1975, with the result that the 
subject has lost its mystery: We now possess a variety of simple ideas which 
provide very precise results and a host of variants. While the large sieve can 
no longer be considered deep, it nevertheless gives powerful estimates in 
many different settings. 

1. Historical background. The large sieve originates in a short paper of Ju. 
V. Linnik [51]. Linnik [52] made a simple application to the distribution of 
quadratic nonresidues, but it was A. Rényi [72]-[81] who systematically 
studied the large sieve, and who first made an important application to 
number theory: Using the large sieve, Rényi [72], [73] was the first to show 
that every large even number In can be expressed in the form In = p + Pk9 

where p is prime and Pk has at most k prime factors. (Rényi did not 
determine a value for k, but M. B. Barban [2], [3] showed that one can take 
k * 4. The mean value theorem of Bombieri enables one to take k = 3, and 
Chen [17], [18] (see also [36], [84]) has obtained k * 2. In all of these 
arguments the large sieve is a major tool.) The large sieve remained the 
province of a few specialists, until the appearance in 1965 of a fundamental 
paper of K. F. Roth [86], followed immediately by a major contribution of 
Bombieri [7]. As we consider it here, the large sieve was first reduced to its 
basic analytic principle by H. Davenport and H. Halberstam [21]. 

2. The nature of the large sieve. For M + 1 < n < M + AT we let an be 
arbitrary complex numbers, and we form the trigonometric polynomial 

M+N 
S (a) - 2 ane(na); 

here e(9) = e2™e, so that S (a) has period 1. Let a„ . . . , aR be points which 
are well spaced (mod 1) in the sense that 
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