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Two results, obtained in the early thirties, due to Littlewood and Paley [11],
can be considered to be the beginning of the Littlewood-Paley theory.
Suppose f € L?(T), 1 <p < oo, where T is the one-dimensional torus,
a& = (1727 f(p)e ™9 dp and L. _ c,e™ is the Fourier series of f. For
N > 0let
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and Ay(#) = c,. The first result is that there exist constants 4, and B, such
that

()] AN, < AN, < Bylifll,»

where d(f) = C%-_,lAv»)"2 When p = 2, Plancherel’s theorem
immediately shows that both of these inequalities are equalities with 4, = 1
= B,. When p # 2 these inequalities give us a characterization of those
trigonometric series that are Fourier series of L7 functions (to wit:
IE=,lAx»'7?||, < ). One of the important features of this characteriza-
tion is that linear operators obtained by multipliers m, (of the Fourier
coefficients ¢;) that vary boundedly on the dyadic blocks A, preserve the
class L?. For example the projection of f onto the trigonometric series of
power series type, S2_oc.e™?, is immediately seen to be bounded on L?(T)
for 1 < p < co0. More generally, the famous Marcinkiewicz theorem stating
thatfor1 < p < o0
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is a consequence of (2).
The second result involves the Littlewood-Paley g-function

s =(['a-ne s dr)m,

where P, is the derivative (with respect to r) of the Poisson kernel
P@)=(Q1—-r})/(1 —2rcosb + r?).

Again we have inequalities which, like (2), express the equivalence of the
Lf-norms of f and g(f) provided [ _.f=0: for 1 < p < oo there exist
constants 4, and B, such that

@ AN, < gD, < BllSfllp

It turns out that in the original work of Littlewood and Paley the operators
mapping f into d(f) were studied by using the properties of the g functions



