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ABSTRACT. Let A be a complex Banach algebra, G its group of
invertible elements, and Ge the component of the identity of G. Then
Ge is a closed, normal subgroup of G. This paper contains examples of
B* algebras A for which G\Ge is finite, but not trivial, and of a B*
algebra for which G/Ge is noncommutative.

Let A denote a complex Banach algebra, G its group of invertible
elements, and Ge the component of the identity of G. If A is finite-dimensional, or if A = B(H\ the algebra of all bounded linear operators on a
Hubert space H, or if A is commutative, then G/Ge is torsion free. For
the first two cases we actually have G connected, so G = Ge. A proof of
the last result, which is due to Lorch, can be found in [3, p. 15]. We shall
give examples of closed, noncommutative subalgebras of B(H) for which
G/Ge is finite, but not trivial, and of a £* algebra for which G/Ge is not
abelian. Our examples will be special cases of the following class of
Banach algebras.
Let m be a finite, positive Borel measure whose support is a compact
Hausdorff space X. Let A(X, n) denote the set of all continuous functions
from X into Mn, the algebra of all complex n x n matrices. Then A(X, ri)
is a Banach algebra under the pointwise addition and multiplication of
functions and the following norm:
||F|| =sup|F(x)|,

FeA(X,n\

xeX

where
\F(x)\ = s u p W ) j / | : j / e C , J \yt\2 ^ l j We can also define an involution on A(X, n) by
F*(x) = (F(x))* for F e A(X, n) and xeX,
where (F(x))* denotes the conjugate transpose of F(x). Then A(X, n) is a
£*-algebra under this norm and involution. For, each FeA(X, n) induces an operator F on H = L2(m) © • • • © L2(m) by
(Ff) (x) = F(x)f(x)

for ƒ G H and xeX.
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