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1. Definition of sphere bundles. Let Mn be an w-dimensional,
C°°-manifold. Define T(M) to be all vectors tangent to M of unit
length. Define p: T(M)—*M by ^(vector) = initial point of the vector.
Then p is a continuous function with p~1(m) homeomorphic to 5 n _ 1
if rnCEM. (T(M), p, M) is an example of an (n — 1)-sphere bundle.
Let me now abstract some of the properties of this example and
define an (» —l)-sphere bundle. An (n — l)-sphere bundle £ is a triple
(E, p, X), where p: E-+X is a continuous function, X has a covering
by neighborhoods { Va] such that ha: p'KVcd-tVaXS"-1,
where h
is a homeomorphism, ha(e) = (p(e), Sa(e)). T h a t is, we can give coordinates to p~x(Va) using Va and 5 n _ 1 . Furthermore, there is a
condition on changing coordinates; namely, if e&p"~1(Var\Vp)t then
ha(e) = (p(e), Sa(e)) and hp(e) = (p(e), Sp(e)) and we obtain a function S ^ S * - 1 - ^ - 1 given by Sp(Sa(e)) =5>(e), defined for each
p(e)GVar\Vp.
We demand that S%C:0(n), the orthogonal group of
homeomorphisms of S* -1 . Finally, S% depends on p(e) and this dependence must be continuous.
Two (n — l)-sphere bundles £ and rj over X are called equivalent
if there is a homeomorphism 7^: E$—*En such that
F
Ez->EV

P\/P
X
1

commutes and such that F\ p~ (x)SO(n) for all coordinates on p~l{x).
A very important example of an (n — 1) -sphere bundle is the following one. Let BO(n) = t h e Grassmann space of all w-planes through
the origin in J?00. Let EO(n) be the set of pairs, an element of BO(n)
and a unit vector in that w-plane. Let p: EO(w)~»BO(w) be the first
element of the pair. The importance of this example is shown by the
following classification theorem.
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