
THE FUNDAMENTAL LEMMA OF COMPLEXITY FOR 
ARBITRARY FINITE SEMIGROUPS1 

BY JOHN RHODES2 

Communicated by Saunders MacLane, June 26, 1968 

1. Statement of the results and some corollaries. All semigroups 
considered are of finite order. In the recent paper [3] and in the re
cent book [2] the complexity of a semigroup was defined and defini
tive results were obtained for determining the complexity of a semi
group which was the union of groups. Herein we state generalizations, 
valid for arbitrary finite semigroups, of those previous results. All 
undefined notation is explained in [2 ]. 

We first recall the definition of complexity. See also [2] or [3]. 
One semigroup, Si, is said to divide another semigroup, 52, if and only 
if Si is a homomorphic image of a subsemigroup S S S2. If 5 is a semi
group, Endo(S) denotes the semigroup of endomorphisms of S under 
composition. If Si and 52 are semigroups and F is a homomorphism 
of Si into Endo(52), the semidirect product of 52 by Si with connecting 
homomorphism F, denoted by S2XrSi, is the semigroup with ele
ments S2XS1 and product defined by (s2, si) • (si, s{ ) = (52- Y(si)(si), 
Si'Si). 

We can construct new semigroups from old ones by taking semi-
direct products and then divisors. 5nXrn_x • • • Xrs&XiySi denotes 
( • • • ( S n X r ^ S n - O X r ^ S n - O • • * X^S i ) where Fw-2 is a homo
morphism of Sn_2 into Endo(5nXrn_15w-i) , etc. We say 5 is a com
binatorial semigroup if and only if the subsemigroups of S which are 
groups are singletons. The main theorem of [ l] (see also [2, Chapters]) 
implies that for each semigroup S there exist semigroups 5W, • • • , Si 
and connecting homomorphisms Fw-i, • • • , Fi so that 

(1.1) S divides Sn Xr , - ! • • • X F ^ I 

and Sk is either a simple nontrivial group dividing 5 or Sk is a com
binatorial semigroup, for fc = l, • • - , n. 

#<?(5)> the (group) complexity of 5, is by definition the smallest 
nonnegative integer n such that 
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