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Let R, Z, T denote the real line, the integers, and the unit circle, 
respectively. A set EC.R will be called a modification set in R if to 
every f^L1(R) there corresponds a singular bounded Borel measure 
iuoni? whose Fourier transform # coincides with ƒ in the complement 
of E. In other words, the Fourier transform of every absolutely con­
tinuous measure can be modified on E alone so that the resulting 
function is the Fourier transform of a singular measure. Modification 
sets E in Z are defined similarly: to every fÇzLl(T) there should cor­
respond a bounded singular measure n on T whose Fourier coeffi­
cients satisfy jX(n) =?(n) for every integer n which is not in E. 

The existence of "small" modification sets in locally compact 
abelian groups has been established in [ l ] . However, when applied 
to Z or i?, the theorem of [l ] can only yield modification sets of posi­
tive (though arbitrarily small) lower density. In the present note this 
result is improved to yield sets of density zero. 

A set EQ.R is said to have density zero if (2/)~1m(£n [—/, *])-»0 
as t—»oo, where m denotes Lebesgue measure. If EQZ, the require­
ment is that the number of elements of £ in [ — N, N], divided by 2N, 
should tend to 0 as N—» <*>. 

THEOREM 1. There are modification sets of density zero in R. 

THEOREM 2. If E is a modification set in R then EC\Z is a modifica­
tion set in Z. 

THEOREM 3. There are modification sets of density zero in Z. 

REMARK. Modification sets can of course not be too small. For in­
stance, every modification set in R has infinite measure (Plancherel) ; 
no lacunary set in Z is a modification set; no set of positive integers 
is a modification set (F. and M. Riesz). On the other hand, largeness 
is not enough : Theorem 2 shows that the complement of Z in R is not 
a modification set. 

PROOF OF THEOREM 1. Choose integers Xi, X2, X3, • • • so that 
Xi = 10, Xjb^4\*_i. Let Ak be the set of all numbers of the form 

(1) ±X& + &-iX*_i + • • • + €1X1 
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