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1. Let g1, g5, - + +, g» be positive numbers with D #.; gs=1. For
every sequence (X1, X2, * - -, X,) with all x,>0 and for every real 7,
consider the mean of order r, M.(x1, %2, + -, %), defined as
(>or_, @xf)Vr if 7520, and as J]P., «f if »=0. For given positive
%1, X3, * + + , X, it is known (see, e.g. [3, p. 17], or [11, p. 26]) that
M, (%1, %o, + + -, %) is strictly increasing with 7 (except when x;

=x, + + - =x,), and consequently if »<s, then
(1) 1= Ma(xl, X2y * * °, xn)/Mr(xla X2y * 7y %n),
(2) 0= MS(xI: Xy, vy Fn) — Mr(xlxx2: <y Ta).

2. A natural question to ask is, whether one can give upper bounds
for the right hand sides of (1) and (2) under, say, the hypothesis that
A=Zx;<B,j=1,2, .-, n, where 4 and B are constants (0<4 <B).
Such an upper bound for the ratio in (1) was given by Cargo and
Shisha in [4], a paper which served as a motivation and starting
point of a consideraple amount of further work by various authors.

3. The main purpose of the present note is to give an upper bound
for the difference in (2) under the restriction on the x; stated in §2.
As applications, we shall obtain a number of inequalities, including
“complements” to the classical inequalities of Cauchy and Hélder.
Full proofs omitted here are to be found in [15].

4. In this section, ¢1, ¢z, * * + , ¢ are fixed (though arbitrary) posi-

tive numbers with D #.; ¢:=1, and for every sequence (x1, %z, * - * , %)

with all x,>0 and every real 7, M,(x1, %2, - - -, %) is as in §1.
THEOREM 1. Let r, s, A, B be given reals (0<A<B, r<s), and

let I denote the m-dimensional cube {(xl, KXoy * v, %) ASxx =B,

k=1,2,.--, n} Then throughout I,

(3) MS(xlﬁ Xgy © 0y xn) - Mf(xl; Yoy * 00y xn) = A,

where A s

4) [6B*+ (1 —0@)4°]ts — [0B"+ (1 — O) Ar]Yr  ifrs £ 0,
[6B: + (1 — ) 4s]v/s — BPA™®  ifr =0,
and
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