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1. Introduction. As far as the existence of the smallest congruence 
of a given type on a semigroup is concerned, Kimura, Yamada and 
the author discussed special cases of semigroups in [7; 11 ] and iden­
tity conditions in [8]; the author argued implication conditions in 
[9]; Kimura generalized them to algebraic systems [4]. Also, Clif­
ford and Preston interpreted these results of the principle of the 
maximal homomorphic image in [3]. Although the proof of existence 
was easily obtained, the problem of constructing the smallest con­
gruence in the general case still remains. In this paper we define types 
of relations by means of semi-closure operations and discuss the exist­
ence of the smallest relation of a given type. In particular, if we pro­
vide semi-closure operations with the condition "join conservative," 
then we can explicitly state the method of construction of the smallest 
relation of a given type. This paper is a simplification, resystematiza-
tion, and generalization of the theory in [9]. 

2. General theory of operations on relations. Let £ be a set. A 
binary relation p is a subset of the product set EXE. Let (B be a 
complete lattice composed of binary relations with respect to the 
usual inclusion relation C. For an arbitrary subset Ct= {p«; a EI1} 
of (B, the join and meet are denoted by 

U pa or / ( a ) and (1 pa or M(Q) 
«er aev 

respectively. (B is not required to be the collection of all binary rela­
tions. Consider a unary operation P, i.e., a mapping of (B into itself: 
p-*pP. The inclusion relation with respect to the operations is defined 
as follows: 

(2.1) Q includes P, i.e., P ^ Q means pP C PQ for all p £ ( B , 

and hence P = Q iff pP=pQ for all pE(B. Accordingly, the join and 
meet, U$ P$, fis Pb of a set {P$; ££E} are given as follows: 

(2.2) P ( U ? { ) = U { pPh p ( n p f ) = n { pPs. 

1 This paper is a rapid report without proof. The proofs will appear in [lO]. 
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