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1. Introduction. By an n-dimensional lattice A we mean, as usual,
an additive subgroup with #» linearly independent generators of the
vectors in Euclidean n-space, R* If we denote by Z» the lattice of
vectors with integral components, then A is the image of Z”» under a
nonsingular linear transformation:

A= {4u|uec 2z, det 4 = 0.

The matrices mapping Z”» onto A constitute a coset AU of the sub-
group of all integral unimodular matrices, and so det A= I det A| is
well-defined. It is convenient to use the same name A for the point-
lattice of all points P such that OP is in A.

Minkowski [2] showed that every lattice of determinant one con-
tains a point other than the origin 0 in the cube

{(xly"',xn)‘ Ixt‘ él,i=1,"‘,ﬂ},

and that the same holds if any #—1 of the signs are replaced by
strict inequality. Those unimodular lattices, such as Z», which have
only the origin in common with the open cube shall be called critical,
as shall the corresponding matrices. Minkowski conjectured, and
Hajos [1] proved in 1938, that a critical lattice must contain one of
the points (841, - + +, 0in), 2=1, - - -, m. If 4 is critical then so is any
matrix obtained from it by permuting rows and post-multiplication
by integral unimodular matrices: such matrices will be called equiva-
lent to A. An induction argument shows that Hajos’ theorem is the
same as the assertion:

A is critical of and only if it is equivalent to a matrix with ones on
the diagonal and all zeros above.

Siegel [3] tried to prove Minkowski’s conjecture by showing that,
if A is critical, then each point other than 0 of the lattice correspond-
ing to A has at least one coordinate in Z*, the set of nonzero integers.
If we consider the set of matrices 4 defined by the property

P) uezn u #% 0= Au has a component in Z*,

then Hajos’ theorem would follow from Siegel’s result, if it were true
that every 4 with property (P) has an integral row. For in that case
we could prove by induction on # that 4 is equivalent to a triangular
matrix with zeros above the diagonal and positive integers on the
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