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4.1 Remarks. Suppose that the hypothesis of a theorem involves
convergence (a). It may happen (and does indeed in the case of all
theorems in [S]) t h a t convergence (cri) may be substituted in the
hypothesis as follows: each ovregion which occurs in the proof is a
(Tn-region for some n\ if there is a largest such n call it N. Then convergence (aN) may be substituted in the hypothesis and may, by
Theorem I, be replaced by convergence (<ri). Lemma 10 is an example
of an exception to this statement; there is no largest n and convergence (a) is essential.
If a series is convergent (<ri) then, for a given n, the series is convergent ((Tn). Hence, given € > 0 there are indices (p, g) such that
1^4—^(7^)1 < e for every crn-region R which is a region (p, q). In
general (p, q) will depend on n; if the choice does not depend on n
then the series is convergent (a).
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The problem of representing a one-parameter group of operators
(that is, a family T^ — oo < £ < oo, of bounded linear operators on a
Banach space which satisfies T^+f = T{T^) reduces according to several
well known methods of attack to establishing differentiability of the
function T$ at £ = 0. The derivative Ax — Mm^ ^l(T^ — I)x exists as
a closed operator with domain D(A) dense, providing T$ is continuous
in the strong operator topology (that is, lim^Tgc = T^x, xE3Q. It
is then possible to assign a meaning to exp (£4) in a natural way
and so t h a t jT$ = exp (&4), — oo < £ < oo. The operator A is bounded
if and only if Tç is continuous in £ in the uniform operator topology
(that is, lim$^ 0 | T^ — T^\ = 0) in which case A = l i m ^ 0 ^ ~ 1 ( ^ — I) exists in the uniform topology. This implies that T^ is an entire function
of £; conversely, if T$ is analytic anywhere, then A is bounded. These
considerations extend to the semi-group case in which T$+s=T{Ts is
known to hold only for positive values of the parameters, although
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