ON THE AVERAGE NUMBER OF REAL ROOTS OF A
RANDOM ALGEBRAIC EQUATION

M. KAC

1. Introduction. Consider the algebraic equation

¢)) Xo+ Xaix + Xoa2 4 - - - 4+ X,qam 1 =0,
where the X’s are independent random variables assuming real values
only, and denote by N, =N(X,, + + +, Xn-1) the number of real roots

of (1). We want to determine the mean value (mathematical expecta-
tion=m.e.) of N, when all X's have the same normal distribution
with density

2) /i,

This problem was treated by Littlewood and Offord® who also con-
sidered the cases when the X’s are uniformly distributed in (—1, 1)
or assume only the values +1 and —1 with equal probabilities. Little-
wood and Offord obtain in each case the estimate

m.e. {N.} < 25(g n)2 + 12 1g n, n = 2000.

In our case of normally distributed X’s we shall be able to prove the
exact formula
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and then obtain the asymptotic relation

4) m.e. {N.} ~ (2/7) lgn

and the estimate

(5) m.e. {N.} < (2/x) lg n + 14/, nz 2.

In case the X’s are not normally distributed (but all have the same
distribution with standard deviation 1) one can still prove (4). The
necessary limiting processes can then be carried out by using the
central limit theorem of the calculus of probability and, as one may
expect, the computations will be quite lengthy. On the other hand
they will contribute relatively little to the general picture and, what
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