A NOTE ON THE LOWER SEMI-CONTINUITY OF DOUBLE
INTEGRALS IN THE PARAMETRIC FORM
WILLIAM SCOTT

Consider a double integral problem of the calculus of variations in
parametric form, that is, a problem involving an integral of the form

W

f(x, X)du

where x stands for the three coordinate functions, ^(w 1 , u2)} ff2(#\ u2),
xz{ux, u2), and X stands for their three Jacobians.
Various theorems of the following general type have been proved
by McShane, 1 Caccioppoli, 2 Cimmino, 3 and Radó: 4
If (i) the triples of functions xln{ul, u2), i = 1, 2; n = 0, 1, 2, • • • ,
satisfy certain conditions; (ii) the surfaces defined by xi = xin(u1, u2),
i = l,2;n = l,2, • • • , converge in some prescribed sense to the surface
defined by x^x^u1,
u2), i = l, 2; (iii) f(x, X) satisfies certain conditions; then
lim inf
n

I I f(xn(u),

Xn(u))du

J J Bn

^ I I f(x0(u),

X0(u))du.

J J BQ

The conditions on f(x, X) usually contain a condition on its Weierstrass ^-function
E(x, X, X) = ƒ(*, X) - X«fa(x, X),
the summation convention being used for convenience in writing.
McShane 1 requires either ƒ > 0 , E^O", o r / ^ 0 , £ > 0 . Caccioppoli 2
makes the same requirements. Cimmino 3 requires only ƒ ^ 0 , £ ^ 0 ,
but works with smooth surfaces.
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