TRANSLATED FUNCTIONS AND STATISTICAL
INDEPENDENCE1
R. P. AGNEW AND M. KAC

1. Introduction. Professor Steinhaus 2 proposed the question wheththere exists a function ƒ(/) defined in ( — «>, oo ) such that, for each
sequence Xi, X2, • • • of different real numbers, the "translated" f unctions ƒ(/+Xi), ƒ(/+X2), • • • form a sequence of statistically independent functions. 3 We shall answer this question in the affirmative by
giving concrete examples, and shall discuss some related problems.
2. Notation and lemmas. Let
(1)

£«{ƒ(*)} = l i m — f

f(t)dt

denote as usual the mean value of ƒ(/) in case the limit exists. If E is a
point set on the line (— 00, 00) and g(t) is the characteristic function
of E, the mean value 'M {g(t)} (if it exists) is called the relative measure
of E and will be denoted by | E\. A non-decreasing function <r(a) such
that cr( — 00) = 0 , <r( + 00) = 1 is called an asymptotic distribution f unction of ƒ (t) if
(2)

J £{ƒ(*) < a } |

=a(a)

at each point of continuity of a(a). A set fi(t), • • • , fn(t) of functions
having asymptotic distribution functions 0*1 (a), • • • , (Tn{oi) is called
statistically independent if
(3)

I -C{/i(0 < ai; ' ' • i fn{t) < oin}\ = (Ti(ai) • • • o-n(an)

for each set «i, • • • , an of real numbers such that a^ is a point of continuity of <Tk(ot). An infinite set of functions is called statistically independent if each finite subset is statistically independent.
Our proofs will be based on the following theorem of Kac and Steinhaus, loc. cit.
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